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EXACT AND LIMITING DISTRIBUTIONS OF THE
RECORD VALUES

Muhammad Aleem'

ABSTRACT: In this paper alternative technique to derive the exact
distribution of the upper (lower) record values of independent and identically
distributed random variables is given. The limiting behaviors of the ratio of the
various functions of upper record values are studied;

1. INTRODUCTION

Suppose we consider a sequence of products, which may fail under
stress. We are interested to determine the minimum failure stress of the
products sequentially. We test the first product until it fails with stress less
than Xi then we record its failure stress otherwise we consider the next
product. In general we will record the failure stress X", of the mth product if

X", < min(X),- - -, X"'_)) .The recorded failure stresses are the lower

record values of the sequence {X", n " 1} are the same as the upper
record values of the sequence {- X". 11 :::: 1).

let X, I be the highest water level of a river on the jth day of the ith
location. Suppose we are interested to study at each location the local
maximum values of X, I, and then the local maxima are the upper record
values.

Chandler (1952) introduced record values, record times and inter record
times. Feller (1966) gave some examples of record values with respect to
gambling problems. Suppose that X) . X, , ... is a sequence of independent
and identically distributed random variables with distribution function F (x).
let Y" = max {X I , ... ,X ,,} for n " 1. We say

X .I is upper record value of , {X " , n ::::I} if Y j . Y j.] , j > 1.By definition

X, is an upper Record Value. Thus the upper Record Values in the

sequence {X"' n 2 I} are the successive maxima. Unless mentioned
otherwise we will call the upper record values as record values. The indices
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at which the record values occur are given by the record times (L (n), n ;, 0),..where

L(n) =min{jli >L(n-1), Xj > XLI".I) ,n:2: I} and L(O) =1.

The record times of the sequence {X", n :2: I} is the same as for the

sequence F ( X ") , n :2: 1 . Since F (X) has uniform distribution, it follows
that the distribution function of L (n), n ;, 0 does not depend on F. The
limiting distributions of inter record time and record values are given by
Ahsanullah (1995), Aleem (2000) , Ahsanullah and Nevzorov (2001).

2. THE EXACT DISTRIBl,JTlON OF THE RECORD VALUES

Many properties of the record value sequence can be expressed in
terms of the functions

-
R (x) = - In F ( x) , 0 < F ( x) < 1 and F ( x) = I _ F ( x). If we
define

F n (x) as thedistribution function of X L(n) , for n :2: 0 , then we have

FI(x) = P[XL(I)" xl

Fo(x) = P[XL(O)" xl = F(x)
and

dF(u) dF(y)
F(u)

il:
"I
II'

II
'III
;1,

1
1
1

1

II
"

x y 00

= f f .I
-O'J-o:J 1=1

x y

= f f
-co -00

i-I
(F(u») df(u) df(y)

(2.1)

(2.2).

Ii,

I

II

lJ,

x
= fRey) dF(y)

-<Xl

If F (x) has a density f (x), then f I ( x) , the probability density
function (pdf) of
X L(I) is
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flex) = R(x) f(x) , -oo<x<w. (2.3)

In general it can be shown that

x Rn(u) dF(u)
Fn(x) = J 1(n+l)

-00

-w<x<oo,
(2.4)

And the corresponding pdf f n ( x) of X L (n) is

Rn(x)
f n ( x) = --- f ( x) , - 00 < x < 00 . (2 .5)

r(n+l)

The joint pdf f ( x 0, XI, ... , X n ) of the n+1 record values

X L(O),X L(1) , ... ,X L(n) is given by

f(xo,xt, ... ,xn) = r(xo) r(xt) ... r(x".t) f(x), (2.6)

for - w < x 0 < Xl < ... < X 11 < 00

= 0 , otherwise

where r ( x) = _d_R_(_x_)= f ( x ) / F( x )
dx

The function r (x) is known as hazard rate. The joint pdf of x L (i) , X L (.i) is



Case: 1

3, ALTERNATIVE TECHNIQUE TO DERIVE THE EXACT DISTRIBUTIONS
OF UPPER (LOWER) RECORD VALUES

(2.7)

(29)

(28)

f( x) )

F( Xi)
fer -Cf) < XI < Xj < 00

(r(Xj)-R(Xi»j""

rU - I)

M,Aleem

fer - ctJ < Xi < Xj < 00

r(Xi).

f" (x, , xiJ
fi (Xi)

= 0 , OIhn\isc.

~ (R(Xj) -R(X,»j'i"

rU-i)

fa- -00 < Xo < Xn <c.o

(R(Xi) )j

r(i+! )

= 0, ah,Y\\isc

1'( Xj I x I.r" = x,) =

fij (Xi, X) =

In p:u1icularfa" i = 0 arrlj = n , \'>eIme

, . (R(x,,) -R(xo»)""' ,
I,,-,,(xo,x,,) = r(xo) ------- I(x,,)

r(n)

28

= 0 , OIh::misc
.t1~a:nIitiatJipjfofXLrj, I Xli" = x, is

Many properties of the upper record values sequence can be
expressed in terms of the function R (x), where

- - -
R (x) = - In F(x), 0 < F(x) < I and F(x) = 1- F(x) .
Here" In" is used for natural logarithm, The joint pdf f (X" x, X ,,) of

then record values XlI(ll, XII(:!}, XU(lI) isgivenby:
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f(xI,x2,X,,) = r(XI) .r(X2)r(X".I). f(x,,)

29

for - CIJ < X I < X 1 < x') < < X 11 - I < X 11 < CD

Where

d R (X
I'(X) =: ~ ~

1 . F (, )
() < F (x ) < I

The function l' (x) is known as hazard rate. The exact distribution of the
nth and joint distribution of ith and jth upper record values are given by
Ahsanullah (1988, 1995). We give alternative proof of these results. The
marginal pdf of X u (u i is given by:

oX" oX1 oX~

f,,(x) = f f f r(xI) r(x2) r(x,) J'(;,;,.I) r(x".I) rex,,) (3.1)
-m _(J} -m

d x I d x 2 d x " . I

,
Since R ( x) = f r ( w) d w

_ :1]

And

xf R ( w) r ( w) dw =
-~

IR(w)]'
2 .~

= [R(x)]'
2

Using (3.2) in (3.1) , we get

(3.2)

L(xu) = [ R ( xu) ] "I

(n -) ) r
I' ( x " ) -ClJ<Xn<CIJ. (3.3)

andthecdf F,,(x,,) or X"I"i is
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'" [R ( X n ) ] n-I
Fn(xn) = f ~~-~- dF(xn) -00 < xn < 00.

(n-l)!-",
(3.3) is identical to the result (.) in Ahsanullah (1995)

The joint pdf of X II (') and X II (.i) is given as :

, ,,. X,X~ Xj Xj

f; j ( x , , X J) = f f. f f r ( x I) r ( x j - I )f ( x j)
- OCJ _ 00 :-.:, x i-~

dXj-l dX'+I. dXI dx,-I

Since, for r > 0,

(3.4)

I
,

'I
III'

i I
'11

I,
"

,J [R ( y ) - R ( w ) ] r-I

x

y(w)dw=

=

[R(y)-R(w)] r

y

[R(y)-R(x)] I

Y

y

I

(3.5)

.,
! Using (3 .2) and (3 .5) in (3 .4), we get:

f'j(x',Xj) =
[R ( x , )] ,-I

(i-1 ) ,
rex,) [R(xj)-R(x,) ]'-'-1

(j-i-I)'
f ( x j) (3.6)

,

,I

I

for i < j and - 00 < X I < x J < 00

(3.6) is identical to the result (1) in Ahsanullah (1995),

Case: 2
Many properties of the lower record values sequence can be

expressed in terms of the function H (x), where H (x) = - In F (x), 0 < F (x) .
< 1, here "In" is used for the natural logarithm.

The joint pdf fil).(2I.I"" (x I, x,, X n) = h(x I). h(x 2) h(x", -I) f(x m) . The
function h (x) is known as hazard rate. The distribution of the mth, joint
distribution of rth and sth lower record values as given by Ahsanullah
(1988,1995). We give an alternative proof of these results.
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Themarginal pdf of X u (m) = X m is given by

~ ~ ~
f,mJ(x)= f f fh(XI),h(Xl)h(xm,,),t(xm)

X m X 1 .\ 2

31

dXI dXl dXm.1 (3,8)

Since

~
- H ( x) = f h (u) du

,
And

~f H(w) h(w) dw = - [H (w)] 2
~

2 I

_ [H(x)]'
2

Using (3.9) and (3.10) in (3.8), we get:

(3.9)

(3,10)

f(m)(Xm) = [H( x m)] m.1

(m-l)!
, f(xm) (3,11 )

for - OC) < X m < CI)

And the cdf F(m)(xm) of X2(m) is

F(ml(xm) = 'f'" [H(u)] m.1 dF(u)
(m-I)'..,

(3.11)is identical to the result ( ) in Ahsanullah (1995)
Thejoint pdf of X L (,) and X L (5) is given as:

<r.J <r.J O'l .\ r X .,., X ,.2

f"J(sJ(X',Xs) = f f f f f f h(XI)-----h(x"I) fIx,)
x, .\.1 X2 X< X, x,

dx , . I dx 5 . , dx" I dx I dx 2 dx 5 . I

Since, for y > 0,

(3.12)
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,
J [H(y)-H(w)] y.1 h(w) dw =
y

[1-I(y)-II(w)] r

y y

(3.13)

=
Using (3 .9), (3 .10) and

[J-I ( y) - H ( x )] y

y
(3.13) in (3.12), we gel:

[or s > rand - C/J < x, < x, < C/J

'II

I

["),,,)(x "x ,) = [1-1 (x ,)] ,.1

( r - J ) !
h(x ,), II-! (x ,) - II (x ,)] "-,

(s-r-l)'
[ (x ,) (3.14)

Case: 1

4. LIMITING DISTRIBUTIONS OF THE RATIOS OF THE UPPER RECORD
VALUES

LeI X" ('), X "(') , X "(,, I are lhe upper record values wilh a common
dislribulion funclion F (x) as:

F(x) = P[R(x,)" xl

Using (4.1 ) in ( 3.6) and inlegraling for marginal pdf ./; (z) of z, we have:

[ (z) = r (j) z I.' (1 _ .:.) ,1.1 (4.2)
, (j)' (i-I)! (j-i-l)! j

Where 0 < Z < 00, i < j.
Then lhe density of z in (4.2), for large j, coverage's 10 :

(41)i = l,2,j-1.

(3.14) is idenlicallo lhe resull (. ) in Ahsanullah (1995).

jR[x,,{{)] i<jand
Zi = 'Rlx ''i''] ,

Consider now lhe ralios :

I,
l

\ I

~I'
';1'! "

1 . '

1.'1". ,

, I
I I

I

I

lim
j-Jo::t;l

Z i-I c";:

[,(Z) = = <P,(z)
( i-I) I

(4.3)

~,1
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Case: 2
Now for the same random variables as considered in (4 .1), let us

define:

p = [
RU(i)]

log iRu( i) (4.4)

< j I i = 1, 2, -----, j -1
Using (4.4) in ( 3.6) and integrating for marginal pdf f; (p) of p, we have:

f2(p) = r(j)

(i)' (i-I)! (i-i-I)! (

'1' J(C.p)i I_C
j

.i.,,' (4.5)

where - CI) ::; p ::;CfJ
The density of P in (4.5), for large j, coverage's to :

lim f,(p) =.1 , (c,p)' cxp(-C''')
J~" (I-I).

(4.6)

We observed that for large j, i = 1 ,f 2 ( p) ~ type I extreme value
(Gumbel) distribution.

Case: 3

Now for the same random variables as considered in (4 .1) , let us
define:

< Jw=

Using
have:

j.Ru(i)

Ru(i) +Ru(j)

(4.7 ) in ( 3.6) and integrating for marginal pdf

(4.7)

/, (11') of w, we

f; (w) = r (j) i.'----w
(j)' (i-I)' (j-i-I)! (

2 W Ji.i., ( wJ,J
1--. 1---:-

J J
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,;

I
I.

I,
~ :!;

"

I'

I,

where o:~IV ~ OC)

Then the density of z in (4.8), for large j, coverage's to :

lim f3(z) = .1 Zi.1 e" = <Pi(Z)
j~oo (I-I)!

Case: 4 )
Now for the same LV'S as considered in (4,1) let us define

Y=IO[RU(i)+RU(D] i<'
g jRu(i) ,J

(4.8)

(4.9)

(4, I 0)

I

Using (4, I 0) in (3.6)andintegrati'l; for marginal pdf f, (y)of y, wehave:

['( ;'YJi'i"( "J'.11', = . J e'Y' l-~ I,~ 411
(y) (j)' (i-I)! (j-i-l)! () j j (. )

where - OC) :0.Y :0.OC)
The density of y in (4.11), for large j, coverage's to:

j

lim
J ~ 00

f
ly' ,y
4(y) =. (e')' e,e

( 1 ' ] ) !
(4.12)

i
,I

We observed that for large j
(Gumble) distribution.

= 1, f 4( y) ~ type I extreme value
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