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CLASSICAL PROPERTIES, RATIO, PRODUCT AND
INVERSE MOMENTS OF ORDER STATISTICS AND
CHARACTERIZATION FROM INVERSE WEIBULL

DISTRIBUTION

M.Aleem'

ABSTRACT: In this paper besides studying the classical properties, ratio
and product moments of two order statistics of. different orders from Inverse
Weibull distribution have been obtained. Further, moments and inverse
moments of single order statistics of different orders are obtained.
A characterization of the Inverse Weibull distribution based on the distrtbution

Y = Max(y] ,Y2 "",Yn )10' Xi,(i = 1,2, ... , n) is also given.

1.1NTRODUCTION

The probability dessity function of inverse Weibull distribution is
1

obtained by using X = -, where z is weibull random variable withZ . .
parameters m and 9, as.

m I (] j '.f(x)=---exp --- ,x>O, m, 9>0.e xm+1 e xm
(1.1 )

= 0 other wise.
where fIx) --+ 0 asx --+ 0 and fIx) --+ 0 asx --+ Cl).

and the corresponding distribution function is:

F(x)=exi--1-j ,x>O, m,9>0. (1.2)l e xm
Here m is the shape parameter. At m=1, it reduces to the inverse

exponential distribution, whereas at m=2 , it is the Inverse Rayleigh
distribution. Inverse Rayligh. distribution was first considered by.
Voda(1972), Mukerjeeand Saren(1984), Gharraph(1993), Mukerjee and
Maiti(1996). For different distributional properties of ordered variables see
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P 0.01 0.05 0.10 0.25 0.50 0.75 0.95 0.99

B(,; p)m
0.217147 0.333808 0.434294 0.721347 1.442695 3.476059 19.495725 99.49926

Balakrishman & Rao (1998), Harter and Balakrishnana(1998) and
Ahsanullah and Nevzorov (2001), Recently order statistics and lower record
statistics of Inverse Rayleigh distribution have been studied by Mohsin
(2001). But none paid any attention to Inverse Wei bull distribution.
The rth moment of Inverse Weibull distribution is

E(X/ =_1-1~(I-.c) ,r<m (1.3)r .n
em

In particular, we have

1 ( r)E(X) = 1 I" 1-~ (1.4)

em

V",(X). " H'<)-(l'<lJ'] "'J
em

It is observed that the moments of order r ~ m does not exists.
The rth negative moment isr+2

--I (r+2)E(X}-r = e m r -;- (1.6)

The p-th percentile is

i

I'Ii
I t'

I

I;

I'

L'1iJi>-: .

I

[
1 Jm,; = I

P eLnp- •

Table 1.1 values of B(,;p)m for some selected values of P.

~ 0.' gives the median of the distribution.
I

Mode =[ m Jm
. B(m+l)

-_.~--~-

(1.7)

(1.8)
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H.M= I

BlIlr(1 +~)
III

(1.9)
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2.0rder Statistics for Inverse Weibull Distribution
let Xl:n::; X2:n ::;".::; X n:n be the order statistics, then the pdf of

X r:n(l ::; I' ::; n) form Inverse Weibull distribution is given by:

1
---(1'+1)n-r( Jn! III n-r 1 Bxlll

fr:n(x) = '. -n'l _ .)1 111+1 L . (-1) e, . n , . n.. '0'
l7.\ , =

,x~O, m, 9>0
(2.1 )

2n! 111

fr,s:n(x,Y) = (I' -I)!(s -11- I')!(II- s)! e2(xy)/I/+!

and the joint pdf of Xr:n and Xs:n (I ::; I' ::;s ::; n) is given by

s-I'-III-S ,I I (-1),+1

1=0 j=O

1 1

(
s - I' -1J(n - sJ --(1'+1) --'-(1'-1'-1-/')(]x 111 iJ. /1/ .

i .e e~"
]

0> O.

,0 5: x 5: y 5: t(), m,

(2.3)

(2.2)

C ~ I' ~where ,"n = {/In LI' \"n = ---------
'(I'-I)!(n-I')! "(r-I)!(s-I'-I)'(n-s)'

Theorem 2.1: For Inverse Weibull distribution (1.1), let

(k-m) .( k-/I/)fJr:n = E X r:n ,then

CI':n1(2 -~) n-r( J k\k-m) = m " n-r (_I)I( ,--2
fJ'.n k L., 1 0./)111

--1 1=0
Bin

Proof: Using the pdf of X,," from (2.1) we have
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n-r( ) C/J(k-m) _ C' m" n- r (_I)i f k-2m-],J1r:n - r:n B L.. X "
. 0 I
1= 0

where a, = r + 1
and

aL
m1ft dx

(2.4)

I

I
i I

",Ii

I
!

;

'!

,',

'I
Lolli ,I

( k)Crn! 2 - - n-r k
(k-m)_' m ,,(n-r)(_I)i( .--2J1r:n - k L.. "J)m

--I ;=0 I
Bm

which can be used to obtain moments and Inverse Moments of any
order. If we set k - m =1 in (2.4), we get the mean of the rth order statistics
of Inverse Weibull distribution. '

Theorem 2.2: For Inverse Weibull distribution (1.1), let

(k,L-m) (k L-m) hJ1r,s:n = E X r:n,Xs:n ,/ en

,"U~",)= c",,,'~I~(_I,),,,(.\',-:n-r)(m-s) ~~I
'-1'..'11 k+1. L.J L....J _ (a.)/11

-~I I I'!
(} HI 1"'0 1=0 •

[( k L J ~.~~1 L, ( k J ( L J (k L J] ,r 3---- h,lII 11/' -hi;l: .-r 1-- r 2-- I, 1--,2-- .
mm'} , m ml min

. (2.5),
u.

where a; = r + i, bi' = s - r - ;+ j, P = I
.I {/'+b"

I II
, ,

1 f .and f I' (a, b) = ' 'x",' (1- "Y~ldx is incomplete beta function.
B(a,h), ,

Proof: Using the joint pdf of X rn and Xm form (2.2) we have

(k,L-m) _ . m28-r-In-8 t+i(8-r-I)(n-s)J1r,s:n - Cr,s:n 2 ,L L (-I)' i 'j,
B 1=0 }=O
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bIJ
CI) 111fyL-2m-IeO y I(y)dy

o
aj

(2.6)
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m
ex dx

y
where I(y) = fxk-m-1e

o
k
--I

(a.)m
and I(y) = I yk-m

m

ai
1- f 11'

o

k
me

HI

mo y dw

(2.7)

(2.8)

Putting I(y) from (2.8) in (2.6) and integrating the resultant expression we
get.

(k.L-m)
!-'r,,';:n CI',S:" '\'-f-I,~,s i+j(S-I'-IJ("-SJ ~-I[ ( k ) ~+~-3k+L L, L. (-I) . . (aj)111 r 3---l:- /)!!/ m

___ I i::::O j=O I J 1!1 111 IJ

o III .

-b;-2r(I-~Jr(2-~J' J(I-~,2-~J]
IJ JJl 1111 m m

(2.9)

This completes the proof of the Theorem. One may refer Pearson(1955)
for the values of Ip(.,.)
Now (2.9) can be used to obtain the moments of ratio (when L< m) of two
order statistics as well as product moments (L > m) for all 1 :s r:S s :s n. For
thw ratio, Let L - m = - k then
k,-k -l;(Xr:n/ )k 'o-Ik

Jlr ,.1':11 - ~ / X,I':11 v.

a
where a =r+i b = \'-r-i+j' p=--'

/ l If. , b
ar+ If

1
1 f a-I b-Iand Ip(a,b)=--- x (I-x)dx

fi(a,b) 0
function.

is an incomplete Beta
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kJ-1/I
1'1" .. 1":11

For finding JlI(~s'/;? replace L-m by L in (2.5).

Theorem 2.3: For Inverse Weibull distribution (1.1)

, "-"-1 "[,,_,,_,,] ~-I[ [ k L) k+L_3 ~-2
11. I (~I)J , (ai)1I1 r- 3---- b,lll _b1l1

k+L 1 . ) IJI 1/1 ) }-- j=U
(I" -I)'(n-'/" -I)!O 2

':

,;
1

III- !J!-l2-~JI ll-!,2 - ~JJm m P m m

a
where a =r.h = /'+1,/7=--'

, '.1, a + h
, I

1 I

and I" (a,h) = ---fx"-' (1- X)"-I dx is incomplete %ta function.
B(a,h) 0

Proof: The results is easily proved by putting s = r + 1 in (2.5)

(2.10)

Theorem 2.4: Let Xi(i = 1,2,...,n)be i.i.d random variable. Then

Max(XI , X 2, ...,Xn) has Inverse Weibull distribution if and only the
common distribution of X,'s is an Inverse Weibull distribution.

Proof: Let Xi(i = 1,2,...,n)be i.i.d random variable each with Inverse

Weibull distribution (1.1) and let Y= Max(X], X 2 ,...,Xn) then

PlY < y) = P[Max(XI ,X2, ...,Xn) < yJ

I

1 i
I I

'1:1 :

,
, 'j

'I
I

I
I,

=i fIXi <yJl/=I
n

= nP(Xi < y) = [P(Xi < y)Jn
i=1

Now using (1.1), we get

(2.11 )

'I

and

mYf I
P(Xi < y) = e ---;;;+Ie

OX

m
B X dx

,I
~:Ji~~_
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P(Xi ,;;y) = e B ym (2.12)
substituting (2.12) in (2.11) we get

P(Y<y)=exp[ 1 ]
(Bn-l)ym

This implies that Y has the same Inverse Weibull distribution as X,'s with

the difference that the parameter e is replaced by (Bn -1).
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