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observers and pretends to think deeply for some time and tells the correct
total (Vergara, 1962)[2].

For example, suppose the three dice rolled have numbers 1,2 and 3
on the top. The total is 6. We select second die. The number on the
bottom of this die is 5. Adding 5 to the previous total of 6 we get 11. We
roll this die again and get 6, say. The final total is now 17. The magician
sums the numbers 1, 3, 6 and 7, which sum up to 17.

3. CONCLUSION

A die is supposed to be a regular polyhedron so that the chance of
getting each face is equal. Leonhard Euler, concluded that there can be
only five regular polyheda, namely, tetrahedron, hexahedron. (cubic),
octrahedron, dodecahedron and icosahedron. Out of these, the cubic form
is easy to construct and rolls in a very smooth and suitable way. The sides
of the cube are numbered to have a total of seven for all pairs of opposite
sides to make tricks
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RELATIVE EFFICIENCIES OF MAXIMUM LIKELIHOOD,
MINIMUM CHI-SQUARE, AND MINIMUM B ESTIMATORS.

Masood Amjad Khan

ABSTRACT Debate on the choice between maximum likelihood estimator
and minimum chi-square estimator is still on. Rao's school of thought
advocates for the maximum likelihood estimator and Berkson's school of
thought for the minimum chi.square estimator. In this paper a numerical study
has been made by computing the relative efficiency of these estimators
together with that of minimum B estimator for the Exponential parameter. The
study reveals that for few choices of 'A' and 'B', the constants in Statistic B
introduced by Khan and Baily (1987), the minimum B estimator is more efficient
than the other two. Also maximum likelit"!ood estimator is more efficient than
the minimum chi-square estimator.

1. INTRODUCTION

Khan and Baily(19871 have shown that if X is Poisson random
variable with mean ~ then X" is symmetric about ~ and E (X+A)"3 = ~"3 +0
(~-113)and Var (X+A)"3 = 4/9 (~1I3) + 0 (~.,,'), where A is some constant.
Followfng Fisher's (1922) approach they proposed a new X'-type test
statistic of goodness of fit as:[1]

[2]
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B = 2J. i: ((0, + A) -i - (Nt, [~] + B) -i) 1

4 ,=1 (Nt, [8])'
(1 .1)

;'r

Where 0, is assumed to be distributed as multinomial with
E(o, ) = NI" f,. [8] is the probability that the observation fall in the rth cell,
and A, B are some constants.

Khan (1988a) has shown that the estimator of e, say e IJ obtained
by minimizing statistic B has variance as:

Var (eli) = Var (mle) +0 (N-') which reduces to Var (mle) for the
choices of A=B=O.O and A= (3/2) B, where Var (mle) is the variance of
maximum likelihood estimator of e obtained by Rao (1962).

In the estimation theory there are differences of opinions on the
efficiencies of minimum chi-square estimator and the maximum likelihood
estimator. Berkson (1980) went for the minimum chi-square estimate while
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Maximum Likelihood Estimate (MLE)

2. SUCCESSIVE APPROXIMATION OF MLE, MCSE, AND MBE

B
" -B ulnL(I,Bo) (J'lnL(x.B,,)
1/ _ 0-(----)1. (2.1)
, (JBo (JB"

Robert and Rao (1993) advocated for maximum likelihood estimate. A
numerical study has been carried out to investigate the relative efficiencies
of minimum B estimate, minimum chi-square estimate and the maximum
likelihood estimate of the parameter of exponential distribution.
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Minimum-B Estimate (MBE)

By minimizing the B.statistic of goodness of fit defined in (1.1) can be
written as

B=2.I ((N,+A)+-(NI,r~I+B)t)'
4 ,=, (Nt,[eJ),

and using the same procedure as above, the MBE is obtained by
successive approximation through

• uB) u' Ben = Bo -(-' ) 1--. (2.4)
, uB" uB,,'

So the first approximation of MBE of 9,is obtained from

A __ f (Al-(Bl+f,[eo])C)')
elJ - ell L. ( , I

,=, f, [e]'

+ (e -B) u'ln L(x.B )
.II 0 ---'. ().

(Jell '

u In L(x.B)
the solution of ---- - O. Expressing

(JB

f=l

ulnL(x.e,/)_ ' in Taylor's series about Bo up to first two terms we get

uB",
(JIn L(x, e,,/ ) = 0 = () In L(x, Bo)

ue (JBo
'"This gives

The MLE say e,1/ of 9 is

The MLE of 9 is obtained by successive approximation using (2.1) which

give the first approximation e\f as:

e,1/ = Bo.t (N,I,'[Bo])/I. ( N,f,'[B"r + N,J,'''[Bo]) (2.2)
,=' f,lBo] ,=, f,[Bo] 1,181']

Where Bo is the initial value.
Minimum Chi-square Estimate (MCSE)
The chi-square statistic of goodness of fit is defined as

X' = i (N, - Nf,rB])'
,=, Nt,[B]

Let a random sample X" X2••• XN be taken from a distribution f(x, 9)

and categorized in K cells. Let N, and N f,. [B] be the observed and
expected frequencies respectively of the observation falling in the rth cell,
where f, [B] is the probability of the observation falling in the rth cell. The
log likelihood function for the sample observations is defined as:

"In L(I.B) = I N,. In f,. [B]

j I
'I i

I' ,
i
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For each sample MLE, MCSE, and MBE are computed using (2.2),
(2.3) and (2.5) respectively. Then, mean, absolute percent bias, variance,
and mean square error of the estimates are obtained. Berkson (1980)
calculates the efficiency using ratio of Mean Square Errors whereas Robert
and Rao (1993) use ratio of variances. The efficiency of MBE over MLE and
MCSE is calculated for both of these criteria.
Notations:

NS=25000, 50000,100000 for N<100, N<1000 and N=1000 respectively.
K= 5, 10, 15, and 20'
In case of Exponential distribution random samples are generated through

x = -8 In(l- F(x»)

Where F (x) .-the distribution function of exponential distribution is
generated by subroutine ran2 of FORTRAN 7.

,APBB= 16 - E(eB) 1/8x100 MSEBM=MSE(e", )/MSE(eB )x100- -VAREBM=VAR(8,,,: )/VAR(811 )x100

APBC=16- E(ec) 1/6x100 MSEBC=MSE(ec )/MSE(eR )x100

VAREBC=VAR(ec )/VAR(eB )x100

APBM=16- E(e",) 1/6x100 MSEMC=MSE(ec)/MSE(e", )x100- -VAREMC = VAR (8e ) /-VAR (8,,/') x100

B

N

(2.1.1)

where Ill, is the class mark of
N

(Al-(Rl +1,[80])~)21:'21 [eo 1)

3f'[e l',I 0

respectively with initial value 8"

rth class.
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~ (2) .

4(Al-(Bl+f,[8oJ)')I, [eo]
, '

3f,[801)(Bl +f,[8o iY

-.'
II, 8, Iefl8] = P(I < x< U.) = -,--dx

• J I I f}
"Where I, and u, are the lower and upper class boundaries

respectively of rth cell. The class interval is determined by adjusting the
extreme classes. The extreme classes are taken as <c16 and >c26 where c1
and c2 are some constants. The class interval is then (c2-c1) 8/ (K-2). In this
study the extreme classed are made with c1=0.5 and c2=5.0.
The first two derivations of (2.1.1) with respect toil, are

-If -II,

eli I. - e" u.
f"[8\ =' '". 8'

:~ ~
.12' 8 _ e H (I, -28)1, -e "(u, -28)u,.

t, [J - 8'
The MLE, MCSE and MBE of 6 are obtained from (2.2), (2.3) and (2.5)

KL, N,III,
r=1

2A A2

Where Al == P ,.; + , - ., B I ==
3Np , ) 9N 2 p,-;

2.1 MLE, MCSE and MBE of the parameter of Exponential distribution.
The probability density function of exponential random variable' X with

parameter il is defined as:

((x:8) = ~e-,IH x 2 0 8> 0. . 8
And

(2.5)

3D
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3.1 Numerical Study

The study is based on the following choices of N-the sample size, NS-the
number of samples and K-the number of classes.
N=20, 30,50,100,500,1000. '

ii,



I
.Relative Efficiencies Of Maximum Likelihood Minimum Chi.Square 31

For each sample MLE, MCSE, and MBE are computed using (2.2),
(2.3) and (2.5) respectively. Then, mean, absolute percent bias, variance,
and mean square error of the estimates are obtained. Berkson (1980)
calculates the efficiency using ratio of Mean Square Errors whereas Robert
and Rao (1993) use ratio of variances. The efficiency of MBE over MLE and
MCSE is calculated for both of these criteria.
Notations:

NS=25000, 50000,100000 for N<100, N<1000 and N=1000 respectively.
K= 5, 10, 15, and 20'
In case of Exponential distribution random samples are generated through

x = -8 In(l- F(x»)

Where F (x) .-the distribution function of exponential distribution is
generated by subroutine ran2 of FORTRAN 7.

,APBB= 16 - E(eB) 1/8x100 MSEBM=MSE(e", )/MSE(eB )x100- -VAREBM=VAR(8,,,: )/VAR(811 )x100

APBC=16- E(ec) 1/6x100 MSEBC=MSE(ec )/MSE(eR )x100

VAREBC=VAR(ec )/VAR(eB )x100

APBM=16- E(e",) 1/6x100 MSEMC=MSE(ec)/MSE(e", )x100- -VAREMC = VAR (8e ) /-VAR (8,,/') x100

B

N

(2.1.1)

where Ill, is the class mark of
N

(Al-(Rl +1,[80])~)21:'21 [eo 1)

3f'[e l',I 0

respectively with initial value 8"

rth class.

Masood Amjad Khan

~ (2) .

4(Al-(Bl+f,[8oJ)')I, [eo]
, '

3f,[801)(Bl +f,[8o iY

-.'
II, 8, Iefl8] = P(I < x< U.) = -,--dx

• J I I f}
"Where I, and u, are the lower and upper class boundaries

respectively of rth cell. The class interval is determined by adjusting the
extreme classes. The extreme classes are taken as <c16 and >c26 where c1
and c2 are some constants. The class interval is then (c2-c1) 8/ (K-2). In this
study the extreme classed are made with c1=0.5 and c2=5.0.
The first two derivations of (2.1.1) with respect toil, are

-If -II,

eli I. - e" u.
f"[8\ =' '". 8'

:~ ~
.12' 8 _ e H (I, -28)1, -e "(u, -28)u,.

t, [J - 8'
The MLE, MCSE and MBE of 6 are obtained from (2.2), (2.3) and (2.5)

KL, N,III,
r=1

2A A2

Where Al == P ,.; + , - ., B I ==
3Np , ) 9N 2 p,-;

2.1 MLE, MCSE and MBE of the parameter of Exponential distribution.
The probability density function of exponential random variable' X with

parameter il is defined as:

((x:8) = ~e-,IH x 2 0 8> 0. . 8
And

(2.5)

3D

I
i I

,
t

I

I
f

I

,

I I
; I

I!: .

Ii

3.1 Numerical Study

The study is based on the following choices of N-the sample size, NS-the
number of samples and K-the number of classes.
N=20, 30,50,100,500,1000. '

ii,



Relative Efficiencies Of Maximum Likelihood Minimum Chi-Square 33

Masood Amjad Khan 8-2.0 K-l0 9 = 5.0 K 10

4. CONCLUSION
N MSEMC APB(Ml APB1C .VAREMC N MSEMC APB1Ml APBtC) VAREMC
20 219.1 .55 19.34 143.6 .20 226.6 .89 19.53 151.5'
30 193.4 .06' 14.86 128.6 30 185.1 .43 14.70 125.7

3.1 gives the mean square error and variance efficiencies 01 50 178.9 .33 11.29 116.3 .50 168.3 .16 11.02 111.1

:SE together with absolute percent bias for few choices of 9.
100 146.2 .20 6.33 110.1 100 147.3 .35 . 6.80 104.3

the table reveals that what ever is the sample size or the
500 111.1 .03 1.52 100.4 500 119.2 .21 1.73 103.6

,lis (K), MLE is more efficient than MCSE whet~er ~e use MSE
1000 104.3 .10 .69 100.1 1000 107.9 .09 .90 99.6

variance efficiency. The absolute percent bias In .MLE for Table 3.1 (Continued)
's is also less than that of MCSE. Table 3.2 shows the relative
MBE over MLE and MCSE for 8 =.5 K-15 8=1.0 K=15
.0, and 5.0 together with the absolute percent bias. The study N MSEMC APB1Ml APB/Cl VAREMC N MSEMC APB(M) APB(C VAREMC

concludes that for A = 0.0 and B = 0.0, MBE is slightly more 20 301.6 .09 25.25 163.2 20 276.1 .74 24.89 154.5

I MLE for .small samples but it is far more efficient than MCSE. 30 271.3 .77 21.56 141.5 30 271.5 .54 22.01 140.3
50 226.3 .14 14.99 116.1 50 251.0 .17 15.49 127.9

iative Efficiency of MLE over MCSE extreme classes: ( < .5 9),(
100 189.3 .37 9.00 114.3 100 200.3 .33 9.06 113.7
500 138.7 .17 2.49 105.7 . 500 126.6 .12 2.23 103.7

. 1000 112.9 .12 1.12 100.9 1000 115.5 .00 1.23 100.6

8=1.0 K=5 8-1.5 K-15 8=2.0 K=15

; APB(M) APB1C\ VAREMC N MSEMC APBlM) APB(C) VAREMC N MSEMC APB(M\ APB1C\ VAREMC N .MSEMC APB{M APBICI VAREMC

.64 9.42 122.5 20 133.8 .27 9.12 119.3 20 295.2 1.09 26.64 159.3 20 278.2 .50 25.47 153.9

.95 7.95 113.5 30 134.3 .37 7.96 117.6 30 272.0 .31 21.10 141.7 30 270.7 .06 20.84 142.6

.52 4.72 109.5 50 122.0 .33 5.07 111.5 50 250.5 1.11 16.52 121.1 . 50 249.9 .35 15.77 126.2

.31 2.66 101.5 100 110.0 .56 2.57 103.9 100 196.7 .30 9.15 117.3 100 192.8 .18 9.14 113.6

.13 .87 101.6 500 101.2 .17 .54 100.2 500 129.6 .02 2.28 104.0 500 125.6 .02 2.31 .100.3

.. 13 .27 101.3 1000 102.9 .05 .43 101.1 1000 116.7 .07 1.26 101.4 1000 113.2 .11 1.10 101.6

5 8 = 2.0 K- 5 8 = 5.0 K= 15 8=.5K=20

C APB1M) APB(C) VAREMC
N MSEMC APBtMl APB(C) VAREMC N MSEMC APB(Ml APBCCl VAREMC N MSEMC APB(MTAPBlCl VAREMC

1.51 10.66 119.3 20 136.2 .71 9.41 122.4 20 266.4 .30 25.66 159.4 20 367.7 .23 30.63 175.9

.22 7.39 116.3 30 132.7 .00 7.42 118.4 30 268.5 .40 20.74 138.8 30 346.3 .66 26.27 150.0

.97 6.16 106.7 50 119.6 .32 5.37 107.2 50 246.6 .09 15.66 .123.4 50 299.0 .27 16.66129.3

.47 2.77 105.4 100 113.1 .46 2.77 106.4 100 202.5 .33 9.79 113.3 100 259.1 .34 11.71 116.8

.10 .64 102.2 500 103.4 .00 .76 101.0 500 137.1 .. 19 2.55 106.1 500 160.0 .18 3.25 105.8

I .05 .44 100.5 1000 100.5 .11 .26 100.0 1000 117.8 .10 1.30 101.3 1000 120.6 .12 1.49 100.0

5 8=.5 K=10 8=1.0 K-20 8 = 1.5 K= 20

IC APB1M APB(C) VAREMC N MSEMC APB(Ml APBCC) VAREMC N MSEMC APBIM APB(CI VAREMC N MSEMC APB(MT APBIC) 'VAREMC

.91 9.66 122.4 20 216.3 .11 18.43 142.1 . 20 356.9 .53 30.61 170.3 20 372.5 . 1.24 32.34 169.9

.18 7.45 115.1 30 191.2 .73 15.26 125.9 30 350.4 .60 26.86 155.0 30 334.7 .21 25.58 151.7

.01 5.31 106.5 50 170.0 .14 10.72 115.6 50 305.6 .23 19.09 136.2 50 314.9 1.13 20.34 129.3

1 .30 3.59 103.3 100 136.2 .40 5.96 104.6 100 265.5 .34 11.64 116.6 100 266.2 .29 11.87 120.8

1 .15 .69 100.7 500 119.3 .16 1.72 104.1 500 149.1 .12 3.02 105.2 500 151.5 .01 3.14 104.3

9 .09 .47 100.1 1000 103:1 .12 .57 99.2 1000 125.6 .01 1.62 100.9 1000 129.0 .07 1.67 102.4

9 = 2.0 K- 20 8 = 5.0 K= 20

10 8-1.5 K=10 N MSEMC APB1M) APB{C) VAREMC N .MSEMC APBIMl APB(Cl VAREMC

IC APB(Ml APB C) VAREMC
N MSEMC APB(M) APB{C) VAREMC 20 375.6 .62 31.99 169.2 20 374.4 .95 31.50' 176.3

.66 17.92 136.0 20 221.4 .67 19.92 146.1 30 350.5 .03 25.65 154.1 30 325.6 .49 25.11 149.9

.57 16.12 129.6 30 169.1 .20 14.96 125.4 50 336.1 .43 19.77 136.6 50 320.1 .07 19.58 132.3

.16 11.05 117.4 50 161.6 1.20 11.67 116.2 100 251.0 .14 11.86 116.6 100 255.4 .32 12.19 116.7

.36 6.00 106.8 100 148.3 .32 6.18 112.0 500 149.7 .01 3.12 103.6 500 160.4 .19 3.31 104.6

.09 1.45 101.6 500 113.3 .03 1.45 103.0 1000 124.7 .10 1.51 102.1 1000 130.6 .10 1.74 100.5

I .02 .81 100.6 1000 107.6 .07 .86 100.6

Table 3.1 Re
> 5.0 9)

8 = 1.0 K =
N MSEMC
20 196.6
30 199.6
50 179.9
100 143.8
500 111.5
1000 107.1

.8= 5.0 K= 5
N MSEMC
20 138.5
30 130.1
50 121.3
100 114.1
500 104.1
1000 101.9

8=1.5K=5
N MSEMC
20 139.4
30 130.4
50 125.0
100 112.1
500 104.0
1000 102.1

8 =.5 K= 5
N MSEMC
20 140.7
30 129.2
50 119.0
100 108.2
500 105.0
1000 101.6

Table
MLE over M
The study 0
number of C

efficiency 0
small sampl
efficiency of
9 = 0.5, 1.0,
of the table
efficieht tha
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. 1000 112.9 .12 1.12 100.9 1000 115.5 .00 1.23 100.6

8=1.0 K=5 8-1.5 K-15 8=2.0 K=15

; APB(M) APB1C\ VAREMC N MSEMC APBlM) APB(C) VAREMC N MSEMC APB(M\ APB1C\ VAREMC N .MSEMC APB{M APBICI VAREMC

.64 9.42 122.5 20 133.8 .27 9.12 119.3 20 295.2 1.09 26.64 159.3 20 278.2 .50 25.47 153.9

.95 7.95 113.5 30 134.3 .37 7.96 117.6 30 272.0 .31 21.10 141.7 30 270.7 .06 20.84 142.6

.52 4.72 109.5 50 122.0 .33 5.07 111.5 50 250.5 1.11 16.52 121.1 . 50 249.9 .35 15.77 126.2

.31 2.66 101.5 100 110.0 .56 2.57 103.9 100 196.7 .30 9.15 117.3 100 192.8 .18 9.14 113.6

.13 .87 101.6 500 101.2 .17 .54 100.2 500 129.6 .02 2.28 104.0 500 125.6 .02 2.31 .100.3

.. 13 .27 101.3 1000 102.9 .05 .43 101.1 1000 116.7 .07 1.26 101.4 1000 113.2 .11 1.10 101.6

5 8 = 2.0 K- 5 8 = 5.0 K= 15 8=.5K=20

C APB1M) APB(C) VAREMC
N MSEMC APBtMl APB(C) VAREMC N MSEMC APB(Ml APBCCl VAREMC N MSEMC APB(MTAPBlCl VAREMC

1.51 10.66 119.3 20 136.2 .71 9.41 122.4 20 266.4 .30 25.66 159.4 20 367.7 .23 30.63 175.9

.22 7.39 116.3 30 132.7 .00 7.42 118.4 30 268.5 .40 20.74 138.8 30 346.3 .66 26.27 150.0

.97 6.16 106.7 50 119.6 .32 5.37 107.2 50 246.6 .09 15.66 .123.4 50 299.0 .27 16.66129.3

.47 2.77 105.4 100 113.1 .46 2.77 106.4 100 202.5 .33 9.79 113.3 100 259.1 .34 11.71 116.8

.10 .64 102.2 500 103.4 .00 .76 101.0 500 137.1 .. 19 2.55 106.1 500 160.0 .18 3.25 105.8

I .05 .44 100.5 1000 100.5 .11 .26 100.0 1000 117.8 .10 1.30 101.3 1000 120.6 .12 1.49 100.0

5 8=.5 K=10 8=1.0 K-20 8 = 1.5 K= 20

IC APB1M APB(C) VAREMC N MSEMC APB(Ml APBCC) VAREMC N MSEMC APBIM APB(CI VAREMC N MSEMC APB(MT APBIC) 'VAREMC

.91 9.66 122.4 20 216.3 .11 18.43 142.1 . 20 356.9 .53 30.61 170.3 20 372.5 . 1.24 32.34 169.9

.18 7.45 115.1 30 191.2 .73 15.26 125.9 30 350.4 .60 26.86 155.0 30 334.7 .21 25.58 151.7

.01 5.31 106.5 50 170.0 .14 10.72 115.6 50 305.6 .23 19.09 136.2 50 314.9 1.13 20.34 129.3

1 .30 3.59 103.3 100 136.2 .40 5.96 104.6 100 265.5 .34 11.64 116.6 100 266.2 .29 11.87 120.8

1 .15 .69 100.7 500 119.3 .16 1.72 104.1 500 149.1 .12 3.02 105.2 500 151.5 .01 3.14 104.3

9 .09 .47 100.1 1000 103:1 .12 .57 99.2 1000 125.6 .01 1.62 100.9 1000 129.0 .07 1.67 102.4

9 = 2.0 K- 20 8 = 5.0 K= 20

10 8-1.5 K=10 N MSEMC APB1M) APB{C) VAREMC N .MSEMC APBIMl APB(Cl VAREMC

IC APB(Ml APB C) VAREMC
N MSEMC APB(M) APB{C) VAREMC 20 375.6 .62 31.99 169.2 20 374.4 .95 31.50' 176.3

.66 17.92 136.0 20 221.4 .67 19.92 146.1 30 350.5 .03 25.65 154.1 30 325.6 .49 25.11 149.9

.57 16.12 129.6 30 169.1 .20 14.96 125.4 50 336.1 .43 19.77 136.6 50 320.1 .07 19.58 132.3

.16 11.05 117.4 50 161.6 1.20 11.67 116.2 100 251.0 .14 11.86 116.6 100 255.4 .32 12.19 116.7

.36 6.00 106.8 100 148.3 .32 6.18 112.0 500 149.7 .01 3.12 103.6 500 160.4 .19 3.31 104.6

.09 1.45 101.6 500 113.3 .03 1.45 103.0 1000 124.7 .10 1.51 102.1 1000 130.6 .10 1.74 100.5

I .02 .81 100.6 1000 107.6 .07 .86 100.6

Table 3.1 Re
> 5.0 9)

8 = 1.0 K =
N MSEMC
20 196.6
30 199.6
50 179.9
100 143.8
500 111.5
1000 107.1

.8= 5.0 K= 5
N MSEMC
20 138.5
30 130.1
50 121.3
100 114.1
500 104.1
1000 101.9

8=1.5K=5
N MSEMC
20 139.4
30 130.4
50 125.0
100 112.1
500 104.0
1000 102.1

8 =.5 K= 5
N MSEMC
20 140.7
30 129.2
50 119.0
100 108.2
500 105.0
1000 101.6

Table
MLE over M
The study 0
number of C

efficiency 0
small sampl
efficiency of
9 = 0.5, 1.0,
of the table
efficieht tha

32



iad Khan Relative Efficiencies Of Maximum likelihood Minimum Chi-Square 35

0 1.0K-10A-0 B = 0
ver MLEand MCSE N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

MSEMCVAREMC •
20 104.6 225.7 104.5 148.7 .7 .4 19.9 215.9 142.3
30 103.7 200.6 103.9 131.6 .1 .9 15.3 193.5 126.6

AREBC APB(M) APB(B) APB(C) 50 101.9 181.9 102.5 120.4 .2 1.0 11.0 178.5 117.5
100 99.9 146.9 100.3 108.0 .2 .7 6.2 147.0 107.6

.4 9.9 143.0 123.3 500 99.5 109.3 99.6 100.4 .1 .1 1.4 109.8 100.8

.4 8.1 132.6 115.4 '1000 99.9 108.0 99.9 101.8 .0 .0 .8 108.1 101.8
1.0 4.6 116.3 107.7
.4 2.8 109.1 101.5 Table: 3.2 (Continued)
.1 .9 105.3 101.9
.2 .3 99.4 99.0 . 0 2.0 K 10 A = 0 B - 0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMCVAREMC

VAREBC APB(M) APB(B) APB(C) 20 105.0 238.1 104.5 151.0 1.5 .4 20.6 226.8 144.4
30 103.4 199.6103.5 132.8 .2 .8 15.1' 193.2 128.3

.6 10.1 141.6 123.9 50 102.8 185.0 102.9 122.5 .4 .4' 11.3 179.9 119.1
.1 7.7 133.1 117.0 100 100.4 147.9 101.0 110.4 .3 .8 6.3 147.3 109.3
.8 5.0 120.6 109.0 500 99.6 110.7 99.6 100.5 .0 .0 1.5 111.1 100.9
.5 2.8 110.5 103.8 1000 99.9 106.1 99.9 101.6 .1 .1 .7 106.2 101:8
.2 .5 100.3 99.2
.1. .5 103.4 101.4 9-5.0 K-l0A_0 B 0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C),
MSEMCVAREMC

{AREBC APB(M) APB(B) APB(C) 20 103.9 211.3 104.4 147.3 .6 1.6 18.0 203.3 141.1
, 30 103.3 190.4 103.9 129.5 .7 1.6 14.5 184.3 124.6

.7 10.0 141.5 123.1 50 102.2 182.3 102.2 117.9 .4 .4 11.3 178.4 115.3
.3 8.3 132.4 114.1 100 100.0 146.0 100.0 103.8 .3 .2 6.7 146.0 103.7
.2 5.3 120.2 108.5 500 99.7 119.5 99.8 103.5 .2 .2 1.8 119.9 103.7
.8 2.6 110.7 104.7 1000 99.9 107.7 99.9 100.1 .1 .1 .9 107.8 100.2
.0 .8 103.6 101.0
.1 .3 100.6 99.7 9 .5 K 15 A = 0 B - 0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMCVAREMC

VAREBC APB(M) APB(B) APB(C) 20 104.3 317.2 104.5 168.8 .1 1.0 25.8 304.2 161.6
30 105.2 272.9 105.1140.2 .7 .4 21.7 259.4 133.4

.8 19.0 219.4 141.6 50 102.8 231.5 103.8 122.3 .6 1.5 14.5 225.2 117.8

.2 15.6 188.9 123.2 100 100.5 201.0 101.2 114.0 .2 .8 9.2 199.9 112.6
1.2 10.2 168.5 115.8 500 99.4 135.8 99.4 104.9 .2 .1 2.5 136.6 105.6
.7 6.3 146.2 107.1 1000 99.8 112.8 100.1 101.6 .1 .1 1.1 113.0 101.5
.2 1.7 118.7 104.3

I .1 .7 105.3 101.5

b

Masood Am

0=.5 K = 10 A = 0 B = 0
N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 104.7 229.7 104.8 148.5 .3
30 104.1 196.8 104.0 128.2 .7
50 101.7 171.4 102.4 118.6 .5
100 99.9 146.1 100.3 107.5 .2
500 99.6 118.2 99.6 103.9 .2
1000 100.2 105.5 100.2 101.7 .1

o = 2.0 K= 5 A= 0 B = 0
N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 102.7 145.3 102.4 126.1 1.5
30 102.0 135.1 101.8 116.2 .8
50 100.9 121.3 100.9 109.5 .2
100 99.3 109.9 99.6 104.3 .6
500 99.8 103.4 99.8 100.9 .0
1000 100.2 100.7 100.3 100.0 .1

9 = 1.0 K= 5 A = 0 B = 0
. N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 102.7 145.5 102.5 127.0 1.3
30 102.0 135.7 101.9 119.2 .4
50 100.9 121.7 101.1 110.3 .4
100 99.6 110.0 99.8 103.5 .3
500 100.0 100.3 100.0 99.2 .2
1000 100.6 104.1 100.7 102.1 .1

extreme classes: ( < .5 OJ,(> 5.0 0
o =.5 K = 5 A= 0 B = 0
N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 102.7 146.9 102.5 126.4 1.1
30 102.0 135.3 101.8 117.4 1.0
50 100.3 116.7 100.6 108.4 .5
100 99.5 108.5 99.6 101.1 .2
500 99.3 104.6 99.2 101.1 .1
1000 99.2 98.6 99.3 98.3 .1

Table: 3.2 Relative Efficiency of MBE0
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0 1.0K-10A-0 B = 0
ver MLEand MCSE N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

MSEMCVAREMC •
20 104.6 225.7 104.5 148.7 .7 .4 19.9 215.9 142.3
30 103.7 200.6 103.9 131.6 .1 .9 15.3 193.5 126.6

AREBC APB(M) APB(B) APB(C) 50 101.9 181.9 102.5 120.4 .2 1.0 11.0 178.5 117.5
100 99.9 146.9 100.3 108.0 .2 .7 6.2 147.0 107.6

.4 9.9 143.0 123.3 500 99.5 109.3 99.6 100.4 .1 .1 1.4 109.8 100.8

.4 8.1 132.6 115.4 '1000 99.9 108.0 99.9 101.8 .0 .0 .8 108.1 101.8
1.0 4.6 116.3 107.7
.4 2.8 109.1 101.5 Table: 3.2 (Continued)
.1 .9 105.3 101.9
.2 .3 99.4 99.0 . 0 2.0 K 10 A = 0 B - 0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMCVAREMC

VAREBC APB(M) APB(B) APB(C) 20 105.0 238.1 104.5 151.0 1.5 .4 20.6 226.8 144.4
30 103.4 199.6103.5 132.8 .2 .8 15.1' 193.2 128.3

.6 10.1 141.6 123.9 50 102.8 185.0 102.9 122.5 .4 .4' 11.3 179.9 119.1
.1 7.7 133.1 117.0 100 100.4 147.9 101.0 110.4 .3 .8 6.3 147.3 109.3
.8 5.0 120.6 109.0 500 99.6 110.7 99.6 100.5 .0 .0 1.5 111.1 100.9
.5 2.8 110.5 103.8 1000 99.9 106.1 99.9 101.6 .1 .1 .7 106.2 101:8
.2 .5 100.3 99.2
.1. .5 103.4 101.4 9-5.0 K-l0A_0 B 0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C),
MSEMCVAREMC

{AREBC APB(M) APB(B) APB(C) 20 103.9 211.3 104.4 147.3 .6 1.6 18.0 203.3 141.1
, 30 103.3 190.4 103.9 129.5 .7 1.6 14.5 184.3 124.6

.7 10.0 141.5 123.1 50 102.2 182.3 102.2 117.9 .4 .4 11.3 178.4 115.3
.3 8.3 132.4 114.1 100 100.0 146.0 100.0 103.8 .3 .2 6.7 146.0 103.7
.2 5.3 120.2 108.5 500 99.7 119.5 99.8 103.5 .2 .2 1.8 119.9 103.7
.8 2.6 110.7 104.7 1000 99.9 107.7 99.9 100.1 .1 .1 .9 107.8 100.2
.0 .8 103.6 101.0
.1 .3 100.6 99.7 9 .5 K 15 A = 0 B - 0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMCVAREMC

VAREBC APB(M) APB(B) APB(C) 20 104.3 317.2 104.5 168.8 .1 1.0 25.8 304.2 161.6
30 105.2 272.9 105.1140.2 .7 .4 21.7 259.4 133.4

.8 19.0 219.4 141.6 50 102.8 231.5 103.8 122.3 .6 1.5 14.5 225.2 117.8

.2 15.6 188.9 123.2 100 100.5 201.0 101.2 114.0 .2 .8 9.2 199.9 112.6
1.2 10.2 168.5 115.8 500 99.4 135.8 99.4 104.9 .2 .1 2.5 136.6 105.6
.7 6.3 146.2 107.1 1000 99.8 112.8 100.1 101.6 .1 .1 1.1 113.0 101.5
.2 1.7 118.7 104.3

I .1 .7 105.3 101.5

b

Masood Am

0=.5 K = 10 A = 0 B = 0
N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 104.7 229.7 104.8 148.5 .3
30 104.1 196.8 104.0 128.2 .7
50 101.7 171.4 102.4 118.6 .5
100 99.9 146.1 100.3 107.5 .2
500 99.6 118.2 99.6 103.9 .2
1000 100.2 105.5 100.2 101.7 .1

o = 2.0 K= 5 A= 0 B = 0
N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 102.7 145.3 102.4 126.1 1.5
30 102.0 135.1 101.8 116.2 .8
50 100.9 121.3 100.9 109.5 .2
100 99.3 109.9 99.6 104.3 .6
500 99.8 103.4 99.8 100.9 .0
1000 100.2 100.7 100.3 100.0 .1

9 = 1.0 K= 5 A = 0 B = 0
. N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 102.7 145.5 102.5 127.0 1.3
30 102.0 135.7 101.9 119.2 .4
50 100.9 121.7 101.1 110.3 .4
100 99.6 110.0 99.8 103.5 .3
500 100.0 100.3 100.0 99.2 .2
1000 100.6 104.1 100.7 102.1 .1

extreme classes: ( < .5 OJ,(> 5.0 0
o =.5 K = 5 A= 0 B = 0
N MSEBM MSEBC VAREBM V
MSEMCVAREMC
20 102.7 146.9 102.5 126.4 1.1
30 102.0 135.3 101.8 117.4 1.0
50 100.3 116.7 100.6 108.4 .5
100 99.5 108.5 99.6 101.1 .2
500 99.3 104.6 99.2 101.1 .1
1000 99.2 98.6 99.3 98.3 .1

Table: 3.2 Relative Efficiency of MBE0
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= 1.0 K = 15 A = 0 B = 0
Relative Efficiencies Of MaxImum Likelihood Minimum Chi-Square 37

i'l MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

ISEMCVAREMC
e = 1.0 K 20 A = 0 B - 0

20 104.9 290.3 105.0 156.7 .4 .6 27.0 276.6 149.3 N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

30 105.2 285.8 105.6 150.7 .1 1.1 21.2 271.7 142.7 MSEMCVAREMC

50 103.5 255.6 104.2 130.9 .2 1.1 15.6 246.9 125.6 20 104.4 363.8 104.4 172.2 .1 .5 32.3 348.5 164.9

100 100.3 207.2 101.1 116.2 .2 .9 9.3 206.5 115.0 30 105.4 364.7 105.6 160.6 .2 .7 26.5 346.0 152.2

500 99.3 122.6 99.4 101.7 .1 .2 2.2 123.5 102.3 50 104.0 330.7 104.9 142.7 .4 1.4 19.2 318.1 136.0

1000 99.8 115.8 99.8 101.5 .0 .0 1.2 116.1 101.7 100 101.4 266.1 102.3 121.3 .1 .9 11.9 262.5 118.7
,500 99.0 145.7 99.4 103.5 .2 .3 3.0 14'7.1 104.2

9 = 2.0 K= 15 A = 0 B = 0 1000 99.6 126.5 99.7 100.6 .0 .0 1.6 127.0 100.9

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

MSEMCVAREMC
e = 2.0 K_ 20 A 0 B = 0

20 105.0 302.5 104.6 160.7 1.5 .4 27.1 288.1 153.6 N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

30 104.6 288.4 104.9 148.7 .1 1.0 21.6 275.7 141.8 MSEMCVAREMC

50 103.7 251.1 103.7 131.4 .4 .6 15.6 242.2 126.6 20 104.0 387.7 103.7 175.2 1.4 .6 33.0 372.7 169.0

100 101.1 192.7 102.0 111.9 .3 1.0 9.1 190.7 109.7 30 104.4 355.9 104.7 158.7 .0 1.0 25.8 340.9 151.5

500 99.1 123.0 99.1 98.6 .0 .1 2.3 124.2 99.5 50 104.4 325.8 104.4 137.4 .5 .6 19.5 312.2 131.6

1000 99.9 113.8 99.9 102.2 .1 .1 1.1 113.9 102.2 100 101.6 260.2 102.8 121.3 .3 1.1 11.8 256.2 118.1
500 99.2 149.8 99.3 103.1 .0 .1 3.1 151.0 103.8

Table: 3.3 (Continued)
1000 99.8 124.4 99.8 102.3 .1 .1 1.5 124.7 102.5

9 5.0 K = 20 A = 0 B = 0
9 = 5.0 K 15 A - 0 B= 0 APB(C) N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) MSEMCVAREMC
MSEMCVAREMC 24.9 279.7 156.7

20 104.0 381.1 104.3 176.7 .5 1.2 30.9 366.4 169.5
20 104.0 291.0 104.6 163.9 .9 1.8 30 104.5 341.3 105.1 157.5 .6

20.9 259.1 135.7
1.5 25.2 326.5 149.8

30 104.4 270.6 105.1 142.7 .6 1.5 50 103.7 342.1 104.0 140.1 .3 19.6 329.7 134.7
15.9 253.1 127.3

.8
50 103.2 261.1 103.4 131.6 .2 .7 .100 101.6 258.0 101.9 117.8 .2 .6 12.2 253.8 115.6
100 100.6 200.0 100.8 110.0 .3 .4 9.7 198.7 109.2

2.5 137.9 103.7
500 99.5 157.2 99.3 103.3 .2 .1 3.3 158.0 104.0

500 99.6 137.4 99.4 103.1 .2 .1 1000 99.7 133.5 99.4 102.9 .1 .1 1.7 133.9 103.6
1000 99.8 117.7 99.6 100.5 .1 .1 1.3 117.9 100.8

20 A- 0 B 0
REFERENCE

e -.5 K APB(C)
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) 1. Berkson, J (1980). Minimum chi-square, not maximum likelihood.

MSEMCVAREMC 31.4 391.8 174.9
Annals of Statistics, 8, 457 -.

20 104.1 407.7 104.1 181.9 .4 .5 2. Fisher, R.A (1922). On the interpretation of X' from contingency

30 105.1 364.9 104.9 155.4 .9 .1 26.8 347.2 148.2 tables, and the calculation of P. J. Roy. Statist. Soc., 58, 87- .

50 103.9 311.1 105.2 133.8 .6 1.6 18.3 299.5 127.2 3. Khan, M. A and Baily, B. J. R (1987). A new test statistic of

100 101.0 270.7 101.9 122.7 .2 .9 12.0 268.0 120.4 goodness of fit. Pak. J. Statist., 3, 135 - .

,500 99.4 157.6 99.4 105.2 .2 .0 3.3 1511.5105.9 4. Khan, M. A (1988). Small sample distribution of Minimum - B

1000 99.3 120.6 99.4 99.3 .1 .1 1.5 121.5 99.9 estimate. Pak. J. Statist., 4, 1 -.
5. Rao, C. R. (1962). Efficient estimates and optimum inference

procedures in large samples. JRSS., 24B, 46 -.
6. Robert, L. Fountain and Rao, C. R (1993). Further investigations

of Berkson's example. Commun. Statist .. Thory Meth., 22(3), 613
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= 1.0 K = 15 A = 0 B = 0
Relative Efficiencies Of MaxImum Likelihood Minimum Chi-Square 37

i'l MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

ISEMCVAREMC
e = 1.0 K 20 A = 0 B - 0

20 104.9 290.3 105.0 156.7 .4 .6 27.0 276.6 149.3 N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

30 105.2 285.8 105.6 150.7 .1 1.1 21.2 271.7 142.7 MSEMCVAREMC

50 103.5 255.6 104.2 130.9 .2 1.1 15.6 246.9 125.6 20 104.4 363.8 104.4 172.2 .1 .5 32.3 348.5 164.9

100 100.3 207.2 101.1 116.2 .2 .9 9.3 206.5 115.0 30 105.4 364.7 105.6 160.6 .2 .7 26.5 346.0 152.2

500 99.3 122.6 99.4 101.7 .1 .2 2.2 123.5 102.3 50 104.0 330.7 104.9 142.7 .4 1.4 19.2 318.1 136.0

1000 99.8 115.8 99.8 101.5 .0 .0 1.2 116.1 101.7 100 101.4 266.1 102.3 121.3 .1 .9 11.9 262.5 118.7
,500 99.0 145.7 99.4 103.5 .2 .3 3.0 14'7.1 104.2

9 = 2.0 K= 15 A = 0 B = 0 1000 99.6 126.5 99.7 100.6 .0 .0 1.6 127.0 100.9

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

MSEMCVAREMC
e = 2.0 K_ 20 A 0 B = 0

20 105.0 302.5 104.6 160.7 1.5 .4 27.1 288.1 153.6 N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)

30 104.6 288.4 104.9 148.7 .1 1.0 21.6 275.7 141.8 MSEMCVAREMC

50 103.7 251.1 103.7 131.4 .4 .6 15.6 242.2 126.6 20 104.0 387.7 103.7 175.2 1.4 .6 33.0 372.7 169.0

100 101.1 192.7 102.0 111.9 .3 1.0 9.1 190.7 109.7 30 104.4 355.9 104.7 158.7 .0 1.0 25.8 340.9 151.5

500 99.1 123.0 99.1 98.6 .0 .1 2.3 124.2 99.5 50 104.4 325.8 104.4 137.4 .5 .6 19.5 312.2 131.6

1000 99.9 113.8 99.9 102.2 .1 .1 1.1 113.9 102.2 100 101.6 260.2 102.8 121.3 .3 1.1 11.8 256.2 118.1
500 99.2 149.8 99.3 103.1 .0 .1 3.1 151.0 103.8

Table: 3.3 (Continued)
1000 99.8 124.4 99.8 102.3 .1 .1 1.5 124.7 102.5

9 5.0 K = 20 A = 0 B = 0
9 = 5.0 K 15 A - 0 B= 0 APB(C) N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) MSEMCVAREMC
MSEMCVAREMC 24.9 279.7 156.7

20 104.0 381.1 104.3 176.7 .5 1.2 30.9 366.4 169.5
20 104.0 291.0 104.6 163.9 .9 1.8 30 104.5 341.3 105.1 157.5 .6

20.9 259.1 135.7
1.5 25.2 326.5 149.8

30 104.4 270.6 105.1 142.7 .6 1.5 50 103.7 342.1 104.0 140.1 .3 19.6 329.7 134.7
15.9 253.1 127.3

.8
50 103.2 261.1 103.4 131.6 .2 .7 .100 101.6 258.0 101.9 117.8 .2 .6 12.2 253.8 115.6
100 100.6 200.0 100.8 110.0 .3 .4 9.7 198.7 109.2

2.5 137.9 103.7
500 99.5 157.2 99.3 103.3 .2 .1 3.3 158.0 104.0

500 99.6 137.4 99.4 103.1 .2 .1 1000 99.7 133.5 99.4 102.9 .1 .1 1.7 133.9 103.6
1000 99.8 117.7 99.6 100.5 .1 .1 1.3 117.9 100.8

20 A- 0 B 0
REFERENCE

e -.5 K APB(C)
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) 1. Berkson, J (1980). Minimum chi-square, not maximum likelihood.

MSEMCVAREMC 31.4 391.8 174.9
Annals of Statistics, 8, 457 -.

20 104.1 407.7 104.1 181.9 .4 .5 2. Fisher, R.A (1922). On the interpretation of X' from contingency

30 105.1 364.9 104.9 155.4 .9 .1 26.8 347.2 148.2 tables, and the calculation of P. J. Roy. Statist. Soc., 58, 87- .

50 103.9 311.1 105.2 133.8 .6 1.6 18.3 299.5 127.2 3. Khan, M. A and Baily, B. J. R (1987). A new test statistic of

100 101.0 270.7 101.9 122.7 .2 .9 12.0 268.0 120.4 goodness of fit. Pak. J. Statist., 3, 135 - .

,500 99.4 157.6 99.4 105.2 .2 .0 3.3 1511.5105.9 4. Khan, M. A (1988). Small sample distribution of Minimum - B

1000 99.3 120.6 99.4 99.3 .1 .1 1.5 121.5 99.9 estimate. Pak. J. Statist., 4, 1 -.
5. Rao, C. R. (1962). Efficient estimates and optimum inference

procedures in large samples. JRSS., 24B, 46 -.
6. Robert, L. Fountain and Rao, C. R (1993). Further investigations

of Berkson's example. Commun. Statist .. Thory Meth., 22(3), 613
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