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ABSTRACT

The [osse,,;due. to a pair of mis .••in).!observations are studied
tiH two factor cefltra! wmposite desiXHs of diflerent
wn{iguratiflns ol'fuctnrial or axial pClrts. The designs robust
to a pair of missinJ,! ohservot;ons are developed under
minimaxloss criterion. These minima'([uss-2 designs are then
mmpared with other central cmnposite cie,<;iJ.{nsof the same
conjiguratitlfl.
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1. INTRODUCTION

A two factor central composite design (c.c.d,) consists of

(i) 22 factorial points with co-ordinates (:t 1, :t 1),

(ii) 4 axial points at :t« distance from the cenu'e of the design
with co-ordinates (:t, 0) and (0, :t«) and

(iii) One or more points at the centre of the design.
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Factorial and axial parts may be replicated and the total design
points n=nr+na+nc where nr, na and TIcare numer of factorial, axial
and centre points respectively.

' .. '. ,

Box (1954) developed Olthogonal central composite designs.
Box and Hunter (1957) developed ~otatable designs. Herzberg (1966)
introduced cylindrically rotatable designs, S, Huda (1988, 1989) also
studied cylindrically rotatable design, Box and Draper (i959)
developed designs robust to inadequate model. Box and Draper (1975)
investigated designs robust to outliers,

. ?i. ~ (X'K)-iX'y

y = xii. ~ XeX'K)-l x'y = BY

where E = X(X'K)-l X' is a matrix of order nXn.

In c.c.d. the D-optim9.1 criterion IX'XI is an increasing
function of ex and is maximum for ex = be. For ith missing observation
IX'XI reduces to i1X'XI. For ith andjth missing observations IX'XI
I'educes to ijIx'x I. It may be shown that

where rii, r~' and iij are the elements of E corresponding to' i and jth
design points: The above equations may also be written as

For a design with pmticulm' IX'XI we want 'iIX'XI for
reduced design to'be as n"m' to IX'XI as possible. Let us define the
'loss' in terms of IX-XI due to (iJ)th pail' of missing observations as

where Ai is the ith diagonal element of the' first compound' of (!- ill
and Aij is the diagonal elemnt of the second compound of U- ill
corresponding to (ij)th pair of observations (for compounds of matrix
see Aitken & Rutherford (1964) 1'.90.

I:,

Herzberg and Andrews (1975, 1976) and Andrews and
Herzberg (1979) studied designs robust to missing values. They took
different probability of missing for each observation in optimal
designs. McKee and Kashirsagm' (1982) investigated effect of missing
observations on pm'ameter estimates and their vmiances, for central
composite designs. For recent review of l'obust designs see Akhtm' and
Prescott (1987).

Akhtar and Prescott 0.986) developed a minimaxloss criterion
to find the designs for which the maximum loss of efficiency due to a
single and a pail' of missing observations is minimum. Akhtar
(1987(a), 1987(b), 1988, 1991(a), 1991(b))developed central composite
designs robust to a single missing observations. Here we develop two
factor central composite designs of different configurations of factorial
and axial 'part for which the maximum loss of efficiency due to a pair
of missing observations is minimum, These 'minimaxloss-2' designs
are robust to a pair of missing observations, These deisgns are
compm'edwith other designs of the same configuration,

and

and

ilX'XI ~ IX'XI (1-rii)

ijlX'XI = IX'XI [(I'-riiXI-:-rii)-r2ij]

i1X'XI ~ IX'XI . Ai

"IX'XI = IX'XI ' AIJ IJ

2-MINIMAXLOSS CRITERION

Let the postulated response -surface model is a second order
polynomial of the fOI'm After some algebra it may be shown that

L;j = l-Aij
y=XQ+1; ~(0 = 0, ECcc') = Q21

Lij = IX'XI-ijIX'XI
IX'XI

~1-AiJ
"

l

where y is an nxl vector of response,'X is an n x p matrix formed from
the design matrix accm'ding to terms in the response surface model,.I1
is a p x 1 vecta)..of coefficients and f is an n x 1 vector of en"ors. The
l?ast square estimates are.

remains constant for a particulm'. nand p. Thus the loss for particular
(iJ) pair is reduced at the cost of increase in the losses due ,to other
pairs. For a particular nand p we select a design for wruch the
maximum loss due to a pair of missing observaions is minimum:. This
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design is called minimaxloss.2 design and is 'robust to two missing
observations.

estimates of this minimaxloss2 design are compared with those of
other designs of the same configuration in Table 1 and 2 respectively.

TABLE .1

Losses due to different pairs of missing obsel"Vations.
The two missing observations may be any of the (~) pairs of n

obsel'vations in a design. In two factor ,entral composite design the
possible pairs of factorial observations may be grouped as ffO,ill and
ff2. These are pairs of factorial observations with 0, 1 and'2 signs
different in co.ordinates. The examples of ill are

No. ot' varillbk.... k = 2 Tulal d""ign pUlIll!->

No,ofpul'llmclc",< p = Ii N", nj'l:cllll'C puinl ••

II = II

'= :1

ffOis empty unless factorial part is replicated. In axial part aaO, aal
and aa2 represent the pairs of observations at the same axial pOInt, at
the same axis and at different axes respectivly. aaO is empty unless
axial part is replicated. fal is the pair of a factorial point and an aXial
point on the same side of the squm'e and fa2 is the pair of a factorial
point and an axial point on other sides of the square, These are pairs
of factorial 01' axial points with centre point fC 01' ac and pail' of two
centre points ce. The losses due to pairs falling in the same group are
same. If we take 3 01' more centre points then the maximum loss due
to a pau' of missing observations does not correspond to pairs
involving one or two centre points. .

Millimaxlo~ I&:l 1.4142 ll.1.ltI.:.ioE+o:'iCl,81~o

* MinimaxlOl"1< dill.: (•• "lie mi •••..illl.( "h"el'vlltioll,

Alph,. ,X'X, Maxi"",,., MlIxlof-f' MllxJ"f''' Ovcmll Maxim;",
(01' due ttl due to duc to rnaxlo",!; due to

complcte two two. olle axial due t.o1l "de"ijotll. fad, ilxinl &OIlC lill:l. pail' o( Single

on", on/; on!;. ons. ob •.•,

rnl/;,;Ill~, Il\i~;;in~. mi .•••..•iIlK. mi,; •...IIl~, mln>;lllg,

L.OW'(l IJ,Hlij41.':+1l~ IU-.7:17 1I,1~!'l~ O,1.J:'i91 1l.!,17:.l7 O,7Y::\!'l

1.l472 u,:l:j:l41::+11!) H.!'l4MI ll.l~ 14~ iI,Wi41 n.!:IMI 11.7::1::14

1I)lfitl4 O,%U4** t1,fi;l."ill*1I.>'!7:'iIJ

Alpha= l,ll

HeMign,

Ul,thogonaJ

(Hotatllble,

(Iutliel'l'ObUf't

-1 1
-1[

+1
-101'+ 1 1+1[

+1
-1

1 '
I

3.SINGLE REPLICATION OF FACTORIAL
AND AXIAL PARTS

& Alpha = Vkl t* Millimaxl"~k duo.; III t\HI mi,,"lllg lll1f-l:l'valiolll<.

4.FACTORIAL PART REPLICATED TWIC.E

This design consists of nf=8, n"=4 and 1102:.3. Total design
points are 15 01' mOl'e.Fl'Om the groups of possible pairs of
obserations, ffO is non empty and aaO is empty. The losses
corresponding to different missing pairs ar studied for 3 centre points
and cr fi"Offi1.0 to 2.0. Computations over a range of cr have shown
that

This two factor c.c.d. consists of 4 factorial, 4 axial and 3 01'

more centi'e points. Pairs ffOand aaOm'e empty. The losses due to all
possible pairs of missing observations are studied for 'three centre
points and a range of ,; from LO to 2.0. Over a range of cr,max(Lm,
Ltl2) cOl'l'esponds to either Ltn OJ' Lrt':2, ma::..;:(L;,;,l,Llti.:l) cOl1'esponds to
either LIlli! or LIl1l2 and max(Lflll1 LfIlZ) = Lr"l. Max(Ltn, Ltl2),
ma>.-{Lal>l,Laa2) and Lfal for this design are plotted against cr in
Figure 1. Max (Lm, Lt12)decreases ahd max(Laal, L",d increases with
the increase in cr.Lfal decreases and then increases with the increase
in cr.Maximumloss is computed to be minimum for cr=1.4142. Lt'"1>
max(LtI1, Ltd = max(Laa1, Laaz) at this point. Thus the design with
Ilt'=4, n"=4, Ilo~3 and cr~1.4142 is the minimaxloss design robust to a
pair of missing observations. The losses and variances of parameter

and

max (Ltm,LtI1,Ltl2)

max (Lt:,,1,Lt',,2)

max (LallI ~LfHl2)

= Ltm

= Lfa1

= Lllil! or L1lCl2,

l\



4
MunirAkhtar Twofactor central compos;t designs roubust to a pair of.... 5

design is called minimaxloss.2 design and is 'robust to two missing
observations.

estimates of this minimaxloss2 design are compared with those of
other designs of the same configuration in Table 1 and 2 respectively.

TABLE .1

Losses due to different pairs of missing obsel"Vations.
The two missing observations may be any of the (~) pairs of n

obsel'vations in a design. In two factor ,entral composite design the
possible pairs of factorial observations may be grouped as ffO,ill and
ff2. These are pairs of factorial observations with 0, 1 and'2 signs
different in co.ordinates. The examples of ill are

No. ot' varillbk.... k = 2 Tulal d""ign pUlIll!->

No,ofpul'llmclc",< p = Ii N", nj'l:cllll'C puinl ••

II = II

'= :1

ffOis empty unless factorial part is replicated. In axial part aaO, aal
and aa2 represent the pairs of observations at the same axial pOInt, at
the same axis and at different axes respectivly. aaO is empty unless
axial part is replicated. fal is the pair of a factorial point and an aXial
point on the same side of the squm'e and fa2 is the pair of a factorial
point and an axial point on other sides of the square, These are pairs
of factorial 01' axial points with centre point fC 01' ac and pail' of two
centre points ce. The losses due to pairs falling in the same group are
same. If we take 3 01' more centre points then the maximum loss due
to a pau' of missing observations does not correspond to pairs
involving one or two centre points. .

Millimaxlo~ I&:l 1.4142 ll.1.ltI.:.ioE+o:'iCl,81~o

* MinimaxlOl"1< dill.: (•• "lie mi •••..illl.( "h"el'vlltioll,

Alph,. ,X'X, Maxi"",,., MlIxlof-f' MllxJ"f''' Ovcmll Maxim;",
(01' due ttl due to duc to rnaxlo",!; due to

complcte two two. olle axial due t.o1l "de"ijotll. fad, ilxinl &OIlC lill:l. pail' o( Single

on", on/; on!;. ons. ob •.•,

rnl/;,;Ill~, Il\i~;;in~. mi .•••..•iIlK. mi,; •...IIl~, mln>;lllg,

L.OW'(l IJ,Hlij41.':+1l~ IU-.7:17 1I,1~!'l~ O,1.J:'i91 1l.!,17:.l7 O,7Y::\!'l

1.l472 u,:l:j:l41::+11!) H.!'l4MI ll.l~ 14~ iI,Wi41 n.!:IMI 11.7::1::14

1I)lfitl4 O,%U4** t1,fi;l."ill*1I.>'!7:'iIJ

Alpha= l,ll

HeMign,

Ul,thogonaJ

(Hotatllble,

(Iutliel'l'ObUf't

-1 1
-1[

+1
-101'+ 1 1+1[

+1
-1

1 '
I

3.SINGLE REPLICATION OF FACTORIAL
AND AXIAL PARTS

& Alpha = Vkl t* Millimaxl"~k duo.; III t\HI mi,,"lllg lll1f-l:l'valiolll<.

4.FACTORIAL PART REPLICATED TWIC.E

This design consists of nf=8, n"=4 and 1102:.3. Total design
points are 15 01' mOl'e.Fl'Om the groups of possible pairs of
obserations, ffO is non empty and aaO is empty. The losses
corresponding to different missing pairs ar studied for 3 centre points
and cr fi"Offi1.0 to 2.0. Computations over a range of cr have shown
that

This two factor c.c.d. consists of 4 factorial, 4 axial and 3 01'

more centi'e points. Pairs ffOand aaOm'e empty. The losses due to all
possible pairs of missing observations are studied for 'three centre
points and a range of ,; from LO to 2.0. Over a range of cr,max(Lm,
Ltl2) cOl'l'esponds to either Ltn OJ' Lrt':2, ma::..;:(L;,;,l,Llti.:l) cOl1'esponds to
either LIlli! or LIl1l2 and max(Lflll1 LfIlZ) = Lr"l. Max(Ltn, Ltl2),
ma>.-{Lal>l,Laa2) and Lfal for this design are plotted against cr in
Figure 1. Max (Lm, Lt12)decreases ahd max(Laal, L",d increases with
the increase in cr.Lfal decreases and then increases with the increase
in cr.Maximumloss is computed to be minimum for cr=1.4142. Lt'"1>
max(LtI1, Ltd = max(Laa1, Laaz) at this point. Thus the design with
Ilt'=4, n"=4, Ilo~3 and cr~1.4142 is the minimaxloss design robust to a
pair of missing observations. The losses and variances of parameter

and

max (Ltm,LtI1,Ltl2)

max (Lt:,,1,Lt',,2)

max (LallI ~LfHl2)

= Ltm

= Lfa1

= Lllil! or L1lCl2,

l\



,
I
I.
I

6
Munir Akhtar Two facton;entral composit designs roubust to a pair of....

TABLE. 2

7

Figure 1.

Variances of parameter estimates for complete design and for designs
with a pair of observation missing.
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TARLE.:!
Losses due to different pairs of missing observations. 1,00

.\lphj\= 1.1l 1 .111 ~~II I 1I.11~1I1';+llfI tl.!-\7l'\l> 11.7:.!!i7 U,701ll1 11.878A 1).4:j9a

Mililimaxlo<,sl 1.1.Jfi:I' ~ Il. I :\y~W +~If; II.Ioll;44 CI,7:l4\1 1I.711U7 tI.8f;44 O.4)j:'!:P

( Il'lhogon,,1 1.21"-1- '1:1.74:11':+1)1> ".1< 1!i;;: H.7.~2,>( 1I.7071.l I.l.l'~l!i:l lI,4SI!i
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Alpha=-ik 1.414:l lI,f>fi;{5i::+1I1> 11,75111.1 11,7771:1 1I.721311 fi.777M O,5(ltl(l

Habitable 1.681$ o.:,:fi!'.4I':+117 t1.l'i~()7 11.!'lKXo tl,77J8 0,8086 0,5949

* Minimaxloss due to one missing observation.
** Minima~loss due to two missing observations.
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= ;"

To~aldc"i~n poillt~

No. ofcClltre pOllitt-
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TABLE.5

Losses due to different pairs of missing observations.

11

No. of varinhlc,; k =:l Total design points n = IIi.

~I"

No. of pilramctcl"!< p = 6 No. of \:emtre points =:= ,j

Axi,d OO"Cl'v"tiOI\!; n:pliclIted lwice~

Design. AJph,. ;x'x. . M(IXlo,,!< M,IXIO!;!j Maxim,s OV~I'all Maxl08s

flU" due t". due lo dU";Jtu mHxlo •••• duo to.
<

(;nmplr.:l" lIn, two. 'Ill" axial due to;1
"

d(;~lg". fuel. 'I.':ia~ !So' "Ile 11u.:L pi-Ii,' "I' ••illglc

,)h~. nh,.. 00". ob••. Obll..
rni"'Hillg. llll,,"',ng:. mi,;;;mg. m,~ing. minHing:

Alpha=l.l) 1.0lll)0 O,6J251':+05 tl.l:l42:1 1.1.6346 0.82.33 0.9423 "'0.'923

O"thogonftl 0,9671 (1A4:ii)f';+OI'; n.Hl'ilfl IUl278 LUl:lIF; O.lJ516 U,7082

Rotntnble 1.18!:l2 (l.1!;\.)fiE+1IH 1).l:\fH:\ii fI,iii;li1l7 1,1.7738 (L868B O.:'i94ij

Aiph.l=jk 1.4 14:l II.nn:j~E+!lfi . ~'.777~ (1.751.11,1 1),72t!(1 \).7778 U.5(1I10

Minimaxlo~:;2 1.4641 1).!-I2;.\t!I~+llfi 11.7fififi ',1.7fi54 lI.7n4 1l.7655** 0.4856

(ludicI' l"Obll~t 1.5~7 j 1).:224!',~:-1-()7 11,7:N~1 11."';1,1;,[ o.7!,1!-17 1.'.8tl;j I (1.458;~.

Millimaxlossl 2.l)gl} 1 1/.47J~E+{)" 11.7~U ll.titi~!-l (\0897 11.tl88!J U.4445~

• Minimaxloss due to one missing observation.
"'* Minimaxloss due to two missing observations.
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TABLE. 6

Variances of parameter estimates for complete design and for designs
with a pair of observation missing.

Two factor central composit designs roubustto a pair of....
Munir Akhtar12

Nu. uf Val"illhl",. k = 2 Totul d~i_'ln point •• 11 = I:';
No. of pat'amctcl'''' p=tI No. ofcCnlt'C point,.. =:i
Allinl (lh.;..,I'~'atillll"n.:pll('llCd 111'1<:0.:.

Alpha n Val'ianl;~ (Ifpal'am~tl;:l'~J'timatt:':'.
(.n .:J1{1

SUIll
~ .••L . Intt:I" Lin~lll' Linl:!U" QUlldt .• Quam', Int~r- (If

-' "..,....... aaO cept. atk. atic. <tt--ti"ll, v,lI'ianct:t'.-. ."".. .' (minI (maxI lmin) lmuxl.." ./#".•
7-

~ .99 "', /~ ••# 1.0000 15 0.2308 0.1250 0.1250 0.2692 0.2692 0.2500 1.2692
13tl' 0.3333 0.1875 0.1875 0.5833 0.5833 1.3333 3.2093

E:: ....•. " 0.2468 0.14~1 0.1481 0.2500 1.4318". 13au 0.3195 0.3195
~ -'....• ..," 13fH 0.2517 0.1854 0.2449 0.:):):13 0.3946 0,4915 1.9014
>-- ./'--..____ Hax(L ffl,Lff2)0 0.9677 15 0.2187 0.1291 0.1291 0.2851 0.2851 0.2500 1.2970- .79 ,"# ______ -•.•L .

13t1' 0.3333 0.1980 0.1980 0.6('12 O.(lfl52 1 ,001 35600g " fal 13l1lt 0.2363 0.1.520 0.1520 O,:J422 0.3422 0.2500 1.4747.' 13fa 0.2404 0.1970 02.582 O.;}.,71 0,4223 0.5046 1.9796.'V> "v.. ,.
<=> ,

I 1.l89~ 15 0.2991 0.1036 0.1036 0.2027 0.2027 0.2500 1.1617-' .GR 13ft. 0.3333 0.1402 0.1402 0.2917 0.2917 0.8072 2.0042
13a•• 0.3045 0.1267 0.1~67 0.2296 0.2295 0.2500 1.2669
13fn 0.3089 0.1348 0.1848 0.2281 0.2710 0.4323 1.5599

1.4142 15 0.3333 0.0833 0.0833 0.1354 01354 0.2500 1.0208
13tt' 0.3333 0.1042 0.1042 0.1458 0.1458 0.6250 1.4584

.~9~ I , I i , 131111 0.:1333 0.1057 0.1057 0.1540 0.1540 0.2500 1.1027

1.99 I.lR I. 411 I. Gil I. 911 i.lIM 13fll 0.3333 0.0993 0.1393 0.1:189 0.1658 0.3936 1.2703

~I.P"~ 1.4641 15 0.3319 0.0795 0.0795 0,121ll 0.1216 0.2500 0.9842
13t1' 0.3333 0.0981 0.0981 0.1270 0.1270 0.6103 1.3937

Figure: 3 1311u 0.3321 0.1016 0.1016 0,1392 0.1392 0.2500 1.0637
13fa 0.3324 0.0935 0.1:117 0.1234 0.1474 03885 1.2170

Lossea due co a.pair of miaaing observationa for design with 1.6971 16 0.3182 0.0704 0.0704 0.0894 0.0894 0.2500 0.8877

plotted against 13tl" 0.3333 0.0842 0.0842 0.0897 0.0897 0.5924 1.2735k • 2. Rf • 4, n • 8 and n • 3. a . 13a •• 0.3196 0.0916 0.0916 . 0.1046 0.1046 0.2500 0.9618a . c
13t'" 0.3233 0.0806 0.1143 0.0895 0.1072 0.3788 1.0937

2.0861 15 0.2465 0.0467 0.0467 0.0287 0.0287 0.2500 0.6473
13ft. 0.3333 0.052i 0.0521 .•.0.0308 0.0308 0.6238 1.1229
13.'" 0.2492 0.08:l8 0.0638 0.0:J56 0.0356 0.2500 0.6980
.l3fll 0.2718 0.0507 0.07:)0 0.029:1 0.0356 0.36,56 0.8261

tl"- A pOIit'(Iffadol'ial "h". nil fal' ":",'n,,,•.,.:"fo..:uh", ll1it',.in~.
lUI - A pili," ,-,t' "bt'. "ll th~ t'HIll~ u)(illl P'lillt mit'"ing,
fIt. A flll;:tol"ililfJh~. iltld" neiwe-"r a:to:i;olllh". Illi""in)l:.
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STATISTICAL EDUCATION - ITS MANAGEMENT
-. (SOME OBSERVATIONS) '.: {i'~. '. .

, Educational expansion in any dii'ection, as 'we le~;"ri'from the
past, should not be simply. the consequence of one sided decisions or"
political leaders or th0 .' in power who may do whatever they like.
Education can best serve a community if it is Justly gUided by
wid~spread popular demand: The case of statistical edu~at'ion cann"ot.
possibly b~ very differEmt'pmtic';11ariy i,n modern'times when we al~e
begiiining to admit that tlie' use' of quantitative scales provides' us' a
much better visibility of all that Sw,'ounds and encompasses our life ..
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(1982). Effect of Missing, Plots in] , ., .Wheh Statistics was conceived by. someone as a discipline to
Communi Statist. Theor. Meth1be introduced for teaching at the university level, its woith may not

have been realized as much as it glitters now. After the birth of this
century, it has undergone a major development both 'hi theory and
practice. Especially dw'ing the last few. decades the importilnce of
'stiilistics"has' been incl'easingly' ackJ10wledged by gove~ent,
~si:fent~. c; industrial, business and other organiZati.ons....: wit~. t"he
{onsequence that this subject is now being taught in the West to
almost every graduate student of science 'and arts. There','not only
"every country has a Federal Statistics Office 'collecting nume;;cal
information on a large number of parameters that are important and
'lisefu] for the national development, but tn~ basis of tne iiJ:1port'lnt
(. '. • I' .• " ., .'.' ',. .'

aecisions is mostly statistically orien~ed.' Organizations where .
. te~earch, inquiry or investigation embo'dies quantitative aspects,
tt~tistii:ians remain i'nteg,'al componentsrdi- assistance. A;"amblti~Hs
'''gaItization' feels uncomfOltable in fOl"m'ulating a development plan

r'lii'iS not. baseCl On reliable forecasts," and for this purpose it has to
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